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The Nambu–Jona-Lasinio model is investigated in the 1/Nc expansion with the dimen-
sional regularization. At the four-dimensional limit the meson propagators have simple
forms in the leading order of the 1/Nc expansion. Thus the next to leading order calcu-
lation reduces to an ordinary one loop calculation. Here we obtain an explicit form of
the 1/Nc correction and numerically evaluate the Nc dependence for the gap equation.
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1. Introduction
The strong interaction between quarks and gluons are described by quantum chro-
modynamics (QCD). Because of the asymptotic freedom, the non-perturbative effect
is essential for low energy phenomena in QCD. Nambu and Jona-Lasinio introduce a
four-fermion interaction to study the meson properties with the strong interaction.1
The NJL model has a similar symmetry behavior to QCD. It is used as one of the
effective models of QCD for low energy.2–4
The critical behavior for quarks and gluons is often discussed at the leading
order of 1/Nc expansion in the NJL model. The number of colors, Nc, is three in
the real world. Thus the quantitative properties can be determined with an accuracy
of about 30% in the leading order of 1/Nc expansion. There is another ambiguity
for the results in the NJL model. Since the four-fermion interaction is irrelevant, it
is necessary to regularize the model in four dimensions. The result depends on the
regularization parameter.5–8 The parameter is usually fixed to be consistent with
the light meson properties.
In our previous study Ref. [9], we considered the NJL model with the dimensional
regularization in the four-dimensional limit. It is found that the calculations of
meson mass and decay constant are simplified in the leading order of the 1/Nc
1
February 18, 2018 16:15 WSPC/INSTRUCTION FILE njlne˙0128b
2 T. Inagaki, D. Kimura, H. Kohyama
expansion. Then it is expected that the analysis may also be simple if we proceed
to the next to leading order level.
In this letter, we discuss the next to leading order of the 1/Nc expansion, and
study the possible Nc dependence in the model predictions. This is interesting be-
cause the Nc dependence is absorbed in the other parameters in the leading order,
and it first appears from the next to leading order.
2. 1/Nc expansion in the NJL model
In this section we briefly review the 1/Nc expansion in the NJL model for up and
down quarks. The Lagrangian of two-flavor NJL model is given as,
L =
Nc∑
j=1
ψ¯j (i∂/−m)ψj + g
Nc∑
j=1
[
(ψ¯jψj)
2 + (ψ¯jiγ5τ
aψj)
2
]
, (1)
where m is the current quark mass, τa is the Pauli matrices in the flavor space,
and Nc is the number of colors which is treated as one of model parameters in this
paper. We neglect the mass difference between up and down quarks. In the scheme
of the 1/Nc expansion we take the large Nc limit as Ncg fixed.
By applying the auxiliary field method, we can evaluate the generating functional
from Eq. (1) as
Z =
∫
Dψ¯DψDσDπ exp
[
i
∫
d4x
{
ψ¯ (i∂/−m)ψ − ψ¯ (σ + iγ5τ
aπa)ψ
−
1
4g
[
σ2 + (πa)2
]}]
(2)
=
∫
DσDπ exp [iI(σ, π)] , (3)
with
I(σ, π) = −
1
4g
∫
d4x
{
σ2 + (πa)2
}
− i lnDet (i∂/−m− σ − iγ5τ
aπa) . (4)
In Eq. (4) “Det” takes the color, flavor, spinor and space-time indices. I(σ, π) can
formally be expanded around the classical solution σ0 and π0,
I(σ, π) = I(σ0, π0) +
1
2
δ2I(σ0, π0)
δσ2
(σ − σ0)
2
+
1
2
δ2I(σ0, π0)
δπ2
(π − π0)
2 + · · · (5)
In the leading order of the expansion, the effective potential, V = (i/
∫
d4x) lnZ,
is written by
V0(σ, π) =
1
4g
{
σ2 + (πa)2
}
−
∫
d4k
i(2π)4
tr ln(k/ −m− σ − iγ5τ
aπa), (6)
where “tr” takes the color, flavor and spinor indices.
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From the stable condition ∂V/∂σ = 0 at σ = σ0, one can derive the gap equation
whose leading order form becomes
σ0 = 2Nfg itrS(m
∗), (7)
where m∗ = m+ σ0 and
i trS(m∗) = −
∫
d4k
i(2π)4
tr
1
k/ −m∗i + iε
. (8)
“tr” in the integral denotes the trace with respect to the spinor and color indices.
In the leading order of the 1/Nc expansion, the propagator of pion is given by
10
∆π(p
2) =
2g
1− 4gΠ5(p2)
. (9)
The pion mass is determined at the pole position of the propagator, namely,
1− 4gΠ5(p
2 = m2π) = 0, (10)
where
Π5(p
2) = −
∫
d4k
i(2π)4
tr [iγ5S(k)iγ5S(k − p)]
=
itrS
m∗
+
1
2
p2J(p2), (11)
with
J(p2) =
∫
d4k
i(2π)4
tr
1
(k2 −m∗2) {(k − p)2 −m∗2}
. (12)
Similarly, the propagator of sigma meson is given as10
∆σ(p
2) =
2g
1− 4gΠs(p2)
, (13)
where
Πs(p
2) = −
∫
d4k
i(2π)4
tr [S(k)S(k − p)] . (14)
The mass of the sigma meson is evaluated at the pole position as well.
3. Parameter fixing in the 4 dimensional limit
Since the model is not renormalizable, the predictions depend on the regularization
procedure. Here we shall employ the dimensional regularization in the 4 dimensional
limit.9 In this method, although the intermediate integrals diverge, the model pre-
dictions turn out to be finite thanks to the parameter fixing.
In our model treatment, we have three parameters,m, g andM . m is the current
quark mass, g is the four point coupling and M is the mass rescaling parameter. In
this paper we take m as the input parameter, the remaining two parameters will
be fixed by using the physical observables. We try to fix these parameters with mπ
and fπ in the leading order of the 1/Nc expansion.
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In the 4 dimensional limit, D(≡ 4−2ǫ)→ 4, the pion propagator can be written
by10
∆π(p
2) = −
ZπM
2ǫ
p2 −m2π
. (15)
where the wave function renormalization is
Z−1π =
Nc
4π2ǫ
M2ǫ. (16)
Then the pion propagator becomes
∆π(p
2) = −
4π2ǫ
Nc
1
p2 −m2π
. (17)
The pion decay constant is also calculated in the same procedure,
f2π =
Nc
4π2ǫ
M2ǫσ20 . (18)
Next, let us consider the gap equation. Performing the integral Eq. (8) in the 4
dimensional limit and inserting the result into Eq. (7), we obtain
σ0 = −
NfNcg
2π2ǫ
m∗3. (19)
Since the following relation is derived from Eq. (11)
Π5(m
2
π) =
Nc
8π2ǫ
(m2π − 2m
∗2), (20)
we get, with the help of Eqs. (10) and (19),
σ0 = −m−
m2π
4m
{
1 +
√
1 +
8m2
m2π
}
, (21)
and
g = −
π2ǫ
Nc
σ0
m∗3
. (22)
Equation (18) reads the relation
lim
ǫ→0
M2ǫ = lim
ǫ→0
4π2ǫ
Nc
f2π
σ2
0
. (23)
It is interesting to note that the parameter M approaches to 0 in the 4 dimensional
limit. This is the essentially important property of the mass rescaling parameter; we
can control the divergent integrals by virtue of the adjustment of mass dimensions
through M .9
Using Eqs. (7), (21) and (23), we obtain the chiral condensate,
〈u¯u〉0 = −M
2ǫ(itrS)
=
f2πm
4
π
8m3
{
1−
√
1 +
8m2
m2π
}
+O(1/Nc). (24)
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Note that the expansion of Eq. (24) in powers of m leads the Gell-Mann–Oakes–
Renner relation,12 〈u¯u〉0 ≃ −f
2
πm
2
π/(2m) .
In the similar manner, we have for the sigma meson propagator
∆σ(p
2) = −
4π2ǫ
Nc
1
p2 −m2σ0
, (25)
where the sigma mass can be written
m2σ0 =
m2π
2m2
(
m2π + 6m
2 +mπ
√
m2π + 8m
2
)
. (26)
For mπ = 135MeV and m = 5.0MeV, we get mσ0 ≃ 3700MeV. This value corre-
sponds with the one obtained in Ref. [10], where the realistic value, 400−550MeV,13
is found in different dimension around D ≃ 2. Thus, in the four dimensional limit
with the leading order calculation we find the deviation on the value ofmσ. This de-
viation may be modified by considering the next to leading order of 1/Nc expansion,
which will be discussed in the following.
4. Next to leading order of the 1/Nc expansion
We have presented the analysis in the 4 dimensional limit within the leading order
of 1/Nc expansion. We shall carry on the calculations up to the next to leading
order in this section.
4.1. Formula for the next to leading order
We consider next to leading order of the 1/Nc expansion for the effective potential
by using the technique of auxiliary field method Ref. [11]. The second and third
term of Eq. (5) are
δ2I
δσ(x)δσ(y)
∣∣∣∣
σ=σ0,π=π0
= −
1
2g
δ4(x− y) + i tr[S(x, y;m∗)S(y, x;m∗)], (27)
and
δ2I
δπa(x)δπb(y)
∣∣∣∣
σ=σ0,π=π0
= −
1
2g
δabδ4(x− y)
+i tr[iγ5τ
aS(x, y;m∗)iγ5τ
bS(y, x;m∗)]. (28)
After integrating σ and π with σ− σ0 ≡ σ and π− π0 ≡ π in Eq. (3), we obtain
the effective potential at the next to leading order of the 1/Nc expansion,
V (σ, π) = V0(σ, π)
+
1
2
∫
d4p
i(2π)4
{
ln(∆−1σ (p
2;m+ σ)) + ln(∆−1π (p
2;m+ σ))
}
, (29)
here the relation of the minimum of the classical field σ and the classical solution
σ0 is σ = σ0 +O(1/Nc).
11
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From the stationary condition and taking π = 0, we have the gap equation until
next to the leading order,
〈σ〉 = 2NfgitrS(m+ 〈σ〉)
−g
∫
d4p
i(2π)4
∂
∂σ
{
ln(∆−1σ (p
2;m+ σ)) + ln(∆−1π (p
2;m+ σ))
} ∣∣∣∣
σ=〈σ〉
. (30)
Substituting the relation of the leading order of the 1/Nc expansion for Eq. (30),
we obtain
〈σ〉 ≃ 2NfgitrS(m
∗)− 2Nfgm
∗
∫
dDp
i(2π)D
(
3
m2σ0 − p
2
+
1
m2π − p
2
)
(31)
≃ σ0
(
1−
δσ
Nc
)
, (32)
where
δσ =
3m2σ0 +m
2
π
4m∗2
. (33)
σ0 denote the solution of the leading order of the 1/Nc expansion. By inserting the
values for mπ, m
∗ and mσ0, we find δσ ≃ 3.0.
Similarly, we can obtain the expressions for the chiral condensate and the sigma
mass through a bit of algebra. It may be nice to summarize the equations in the
next to leading order results which read
〈u¯u〉 ≃ 〈u¯u〉0
[
1−
(
1− 3
m
m∗
) δσ
Nc
]
, (34)
m2σ = 2(〈σ〉 +m)
2
(
2−
m
〈σ〉
)
(35)
≃ m2σ0 − 2σ
2
0
(
4 + 3
m
σ0
+
m3
σ3
0
)
δσ
Nc
, (36)
these relations are derived from Eqs. (24) and (13).
4.2. Numerical results
Having obtained the expression for the next to leading order of the 1/Nc expansion,
we are now ready for performing the numerical analysis.
Below we show the results for 〈σ〉, 〈u¯u〉1/3 and mσ with respect to Nc in Figs. 1,
2 and 3. The model parameters are determined by the input values: m = 5.0MeV,
mπ = 135MeV and fπ = 92MeV, as mentioned above. The solid curves indicate
the results for the next to leading order, and the dashed lines are the ones in the
leading order. We see that 〈σ〉 and 〈u¯u〉 decrease according toNc, whilemσ increases
when Nc becomes large. As trivially expected, the values approach to the ones in
the leading order which are shown in dashed lines. It is interesting to note that
the realistic values may be found in the region 3 < Nc < ∞, then we think the
expansions performed in the 4 dimensional limit effectively work.
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Fig. 1. Nc dependence on 〈σ〉. Dashed line: σ0 = −1832.5MeV.
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Fig. 2. Nc dependence on 〈u¯u〉1/3. Dashed line: 〈u¯u〉
1/3
0
= −248.7MeV.
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Fig. 3. Nc dependence on mσ shown in the solid line (from Eq. (36)). Dashed line: mσ =
3657.5MeV. Dotted curve is the result from the intermediate relation in Eq. (35).
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5. Concluding remarks
We have considered the 1/Nc correction by taking the four dimensional limit in the
NJL model. We first perform the calculation up to the next to leading order of the
1/Nc expansions. There we found that the calculations are drastically simplified
thanks to the manipulation of taking the four dimensional limit, and we are able to
study the Nc dependence in the systematic manner. We also check the numerical
tendencies with respect to Nc on various physical quantities, then show the pre-
dictions of them in which the values approach to that of the leading order case for
large Nc.
One important qualitative advantage in this analysis is that we can perform the
next to leading order calculations in an easy way. While there is quantitative unsat-
isfactory point on the value of mσ being considerably larger than the observed one,
as previously found in the corresponding study in which the analysis is restricted
to the leading order case.10 However, the result indicates that the discrepancy may
be cured through including the higher order corrections since the mass of sigma be-
comes smaller if we consider the next to leading order contribution. Therefore, we
think further investigations on the expansion of Nc are interesting and important.
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